Abstract. In [15] they introduced a new finite element method for accurate numerical solutions of Poisson equations with corner singularities, which is useful for the problem with known stress intensity factor.
Introduction
Let If Γ N = ∅ ( i.e. Dirichlet boundary condition) and the domain is convex or smooth, the solution belongs to H 2 (Ω) and we expect to have an optimal convergence rate with the standard finite element method. But this is not true for Poisson problems defined on non-convex domains or with mixed boundary condition. In these cases, the solutions of Poisson problems have singular behavior at that concave corner or the point changing boundary conditions and such singular behavior affects the accuracy of numerical solution throughout the whole domain.
Roughly speaking, there were two groups of people who use two different approaches for overcoming this difficulty. One is based on local mesh refinement (see, e.g., [1, 18, 19, 20, 21] ). Another is done by augmenting the space of trial/test functions in which one looks for the approximate solution (see, e.g., [16, 13, 4, 5, 9, 17, 7] ).
Basically the approaches of [7, 15] and this paper belong to the second one. In [15] they consider Poisson problems with Dirichlet boundary condition defined on a polygonal domain Ω with one reentrant corner (i.e. Γ N = ∅.)
We consider the case Γ N = ∅. The solution of (1) has singular behavior at the boundary point where the boundary condition changes as well as its concave corner (even when f is very smooth). For simplicity, we assume there is only one singular point where the boundary conditions changes with the inner angle w :
2 . Without the loss of generality, we assume that the singular corner is at the origin. As in [8] we may consider the two cases D/N and N/D, where D/N means the boundary condition change from Dirichlet to Neumann countclockwise in the domain, for example, as in Figure 1 with ω = π.
For simplicity again we assume that we have D/N so the singular function s and its dual singular function s − can be expressed by
sin πθ 2ω for the model problem (1) and the unique solution u ∈ H 1 D (Ω) has the representation (see [13, 8] 
, and η is a smooth cut-off function which equals one identically in a neighborhood of the origin and the support of η is small enough so that the function ηs vanishes identically on Γ D . (Here, (r, θ) is polar coordinate.)
The coefficient, λ, is called 'stress intensity factor' and can be computed by the following extraction formula (see [8] ):
Note that both s and s − are harmonic functions in Ω. As observed in [15] , some numerical approaches (e.g. [2, 4, 7] ) use this extraction formula for λ and seek the regular part w ∈ H 2 (Ω) from new partial differential equation, for example,
Unfortunately, the results were not good enough because the input function f was replaced by f +λ∆(ηs), etc., whose L 2 − norms are quite large compared to that of f (see Lemma 2.2 in [15] ).
In [15] they introduced new partial differential equation, whose solution is in H 2 (Ω) with the same input function by simple changing of the boundary condition. Using this partial differential equation, they suggested an efficient algorithm to compute the numerical solution for Poisson equation with singular domain.
In this paper we consider a PDE with the mixed boundary condition, which has stronger singularity than one with the Dirichlet condition. We consider two algorithms: the first one that is similar to suggested in [15] and the second one which use the stress intensity factor obtained by the method introduced by Cai and Kim([7] ). Note both procedure can be stated as the following solution procedure;
Step 1) Find the stress intensity factor λ using a suitable method for the partial differential equation (1) .
Step 2) Pose new partial differential equation which has zero stress intensity factor and find the solution w
Step 3) Set u = w + λs.
Remark : As S. Brenner's comments in the paper [4] , the stress intensity factor computed from the extraction formula depends on the regularity of the solution u. So, the convergence of the solution depend on the accuracy of the stress intensity factors we use in the algorithm.
In Section 2, we suggest two algorithms by choosing two methods to determine the stress intensity factors. A couple of examples will be given in Section 4 with computational results using FreeFEM++ code.( [14] )
We will use the standard notation and definitions for the Sobolev spaces H t (Ω) for t ≥ 0; the standard associated inner products are denoted by (·, ·) t,Ω , and their respective norms and seminorms are denoted by · t,Ω and | · | t,Ω . The space L 2 (Ω) is interpreted as H 0 (Ω), in which case the inner product and norm will be denoted by (·, ·) Ω and · Ω , respectively, although we will omit Ω if there is no chance of misunderstanding.
Two methods for SIF and corresponding algorithms
We need a cut-off function to derive the singular behavior of the problem. We set B(r 1 ; r 2 ) = {(r, θ) : r 1 < r < r 2 and 0 < θ < ω} ∩ Ω and B(r 1 ) = B(0; r 1 ), and define a smooth enough cut-off function of r as follows:
with p(r) = 4r/ρ − 3. Here, ρ is a parameter which will be determined so that the singular part η ρ s has the same boundary condition as the solution u of the Model problem, where s is the singular function which is given in (2). Note η ρ (r) is C 2 .
Singularity and extraction formula
The solution of the Poisson equation on the polygonal domain is well known as in [2, 4, 13] . Given f ∈ L 2 (Ω), if we assume there is only one reentrant corner with inner angle π < ω < 2π, then there exists a unique solution u and in addition there exists a unique number λ such that
By using the cut-off function η = η ρ we may write
The constant λ is referred as stress intensity factor and computed by the following formula ( [8] ); Lemma 2.1. The stress intensity factor λ can be expressed in terms of u and f by the following extraction formula
Assume that (1) has a solution u as in (9) and the stress intensity factor λ is known, then we introduce the following boundary value problem:. 
Regularity of new Partial Differential Equation
The following theorems show (11) has a regular solution.
Theorem 2.2. If (1) has a solution u as in (9) with the stress intensity factor λ, then (11) has a unique solution w in H 2 (Ω).
Proof. First, we note (1) has a unique solution and its stress intensity factor is λ. The uniqueness of the solution of Poisson problem also implies the following equation has a unique solution with the stress intensity factor −λ :
( Note p = −λs is the unique solution and the coefficient of the singular function s is the stress intensity factor.) By adding two equations, (1) and (12), we have the following equation
Theorem 2.3. If λ is the stress intensity factor given by (10) with the solution u in (1) and w is the solution of (11), then u = w + λs is the unique solution of (1).
Proof. We only need to show u = w + λs is the solution to (1) when w is the solution of (11). Since ∆s = 0, we have
Moreover, we have
u| Γ D = w| Γ D + λs| Γ D = −λs + λs = 0, and ∂u ∂ν | Γ N = ∂w ∂ν | Γ N + λ ∂s ∂ν | Γ N = 0 + λ · 0 = 0.
Proposed two algorithms
Now we suggest two algorithms in variational form for the solution u of the model problem (1), which use two different methods to compute approximated stress intensity factor, respectively.
For the first algorithm we use the approximated stress intensity factor λ BD form the formula in (10) with the approximated solution obtained by standard finite element method. For the second algorithm use the stress intensity factor λ CK computed by the method introduced by Cai and Kim( [7] ).
So the followings are two algorithm;
The first algorithm (V1) Now we state the second algorithm:
The second algorithm (V2) V2-1: First compute λ = λ CK by the method introduced by Cai and Kim( [7] ). V2-2: Then find w such that w + λ CK s ∈ H 1 D (Ω) and (16) (
Finite Element Approximation
In this section we present standard finite element approximation for u obtained in the algorithm in the L 2 and H 1 norms. Let T h be a partition of the domain Ω into triangular finite elements; i.e., Ω = ∪ K∈T h K with h = max{diamK : K ∈ T h }. Let V h be continuous piecewise linear finite element space; i.e., Note we can find approximated solution u h using the following Algorithm: Algorithm 1 (A1) :
A1-3:
To find w h such that w h + λ BD,h s ∈ V h and
The second one using λ = λ CK,h from [7] is the following.
Algorithm 2 (A2) : A2-1: Compute λ CK,h using the method by Cai and Kim([7] ).
A2-2:
Find w h such that w h + λ CK,h s ∈ V h and
A2-3:
Then u h = w h + λ CK,h s.
Numerical results and conclusions
In this section we consider two examples with mixed boundary condition, with inner angles ω = π and ω = 3π 2 . We note that the later one is more singular than the first. Figure 1) . This problem has a singularity at the origin (0, 0), where the boundary conditions change from Dirichlet to Neumann with an internal angle ω = π. More specifically, the corresponding singular function has the form
Let η ex = η 3/4 be the cut-off function in (7) with ρ = 3/4 and choose the right-hand side function in (1) to be
Then the exact solution of the underlying problem is
The exact stress intensity factor is 1 and the errors of the computed stress intensity factors, λ BD and λ CK , are given in Table 1 , The errors and rates of approximated solutions by two algorithms, (A1) and (A2), are presented in Table 2 1.1329e-01 1.5081e-01 h = 1.8258e-05 2.0011 1.3892e-02 0.9990 Table 3 . Errors and convergence rates with A2 when ω = π Let η ex = η 3/4 be the cut-off function in (7) with ρ = 3/4 and choose the right-hand side function in (1) to be
The exact stress intensity factor is 1 and the errors of the computed stress intensity factors, λ BD and λ CK , are given in Table 4 , The errors and rates of approximated solutions by two algorithms, (A1) and (A2), are presented in Table 5 2.5382e-05 2.0583 2.0030e-02 1.0279 Table 6 . Errors and convergence rates with A2 when ω = 3π/2
Now we have the following conclusions from the theorems together with the examples;
Conclusion 1 :
We may use the method given in [15] for the Poisson problem with mixed boundary condition.
Conclusion 2 : As we see in Table 2 -3, the algorithm A1 may give almost the same results as the algorithms and A2, when ω = π.
Conclusion 3 : In the case with stronger singularity as in example 2, the method given in [7] gives better stress intensity factor, so the algorithm 2 gives better results than the algorithm 1 as we see in Table  5-6. 
